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ABSTRACT 

In flat space, the extreme Reissner-Nordstr0m (RN) black hole is distinguished by its coldness (vanishing 
Hawking temperature) and its supersymmetry. We examine RN solutions to Einstein-Maxwell theory with 
a cosmological constant A, classifying the cold black holes and, for positive A, the "lukewarm" black holes at 
the same temperature as the de Sitter thermal background. For negative A, we classify the supersymmetric 
solutions within the context of N — 2 gauged supergravity. One finds supersymmetric analogues of flat-space 
extreme RN black holes, which for nonzero A differ from the cold black holes. In addition, there is an exotic 
class of supersymmetric solutions which cannot be continued to flat space, since the magnetic charge becomes 
infinite in that limit. 



1. Introduction 

Among the black-hole solutions to the Einstein or coupled Einstein-Maxwell equations, the extreme 
Reissner-Nordstr0m (RN) black hole occupies a special position because of its complete stability with respect 
to both classical and quantum processes, including Hawking radiation, permitting its interpretation as a 
soliton [1,2]. The extreme RN solution is also special in admitting supersymmetry within the context of 
N = 2 (ungauged) supergravity [2,3]. The connection between supersymmetry and stability has been studied 
in detail [4-7], following Witten's proof of the positive energy theorem for flat space making use of spinorial 
techniques [8]. Supersymmetry is also an integral element in demonstrating quantum nonrenormalization 



theorems for RN black holes [9]. 

Analogues of the RN solutions to Einstein-Maxwell theory with a cosmological constant A have been 
known for some time [10,11]. This paper is essentially concerned with identifying cosmological analogues of 
the extreme RN black holes, with respect to two types of criterion: stability against Hawking radiation, and 
supersymmetry. Perhaps surprisingly, for nonzero A these criteria lead to distinct varieties of solution. Along 
the way, we encounter several special types of solution with formally interesting properties: the "ultracold" 
black holes (in subsection 3.1) and the supersymmetric "cosmic monopoles" (subsection 4.3). 

The organization of this paper is as follows. The cosmological Reissner-Nordstr0m solutions are reviewed 
in section 2 below, along with the cosmological Bertotti-Robinson solutions. In section 3, applying general 
techniques for investigating the thermodynamic properties of horizons [12-15], we study the class of "cold" 
black holes with vanishing Hawking temperature. For positive A, in subsection 3.2 we characterize the 
"lukewarm" black holes whose temperature matches the de Sitter background. 

In section 4 we classify the supersymmetric RN solutions, explicitly constructing the Killing spinors in all 
cases. The natural framework for the analysis of supersymmetry is the gauged version of N = 2 supergravity 
[16], for which A is necessarily negative. One type of supersymmetric solution, discussed in subsection 
4.1, is a straightforward analogue of the extreme RN black hole in flat space, whose supersymmetry [2-3] 
is reviewed in subsection 4.2. For nonzero A, the minimal coupling of the Maxwell field to the gravitini 
breaks the duality symmetry between electric and magnetic fields, and in fact supersymmetry singles out the 
purely electric solution. The final class of supersymmetric RN solutions, the "cosmic monopoles" discussed 
in subsection 4.3, have no flat-spcae analogue, since the magnetic charge blows up in the formal limit to flat 
space. It is interesting to note that the essentially local condition of supersymmetry singles out a value for 
the magnetic charge which automatically satisfies the Dirac quantization condition (equation (4.8) below), 
obtained by global considerations. 

Section 5 contains a discussion of our results and some of their possible implications. Finally, an 
appendix is devoted to the solution of a certain type of constrained spinorial differential equation which 
arises at several points in the analysis of supersymmetry. 

2. Solutions of cosmological Einstein-Maxwell theory 

The Lagrangian for Einstein-Maxwell theory with cosmological constant A is given by* 

e-'L = -\R + \F mn F mn + |A. (2.1) 

* Our conventions are as follows: Indices m, n, ... are "curved" world indices, while a, b, ... are "flat" 
local Lorentz indices. Specific curved indices are denoted by the coordinate names (t, r, 6, (f>), while numerical 
values (0, 1, 2, 3) are reserved for flat indices. We work in signature rj a i, = diag(— , +, +, +), with real gamma 
matrices satisfying {~/ a ,^ h } = ^r\ a b- Antisymmetrization is with unit weight, e.g. 7 afc = 7[ a 7b] = |[7 0) 7j,]- 
The parity matrix 7 5 = 7 0123 is real and antisymmetric. 
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The field equations following from (2.1) read 



and 

O m (eF mn )=0. (2.3) 

Cosmological Reissner-Nordstr0m solutions [10,11] can be described by metrics of the stationary, spherically 
symmetric form 

dr 2 

ds 2 = -Vdt 2 + — +r 2 (de 2 + sin 2 9 d<p 2 ) , (2.4) 

where the metric function V(r) is taken to be a function of the radial coordinate r alone. It will be convenient 
to define U = VV and introduce the tetrad 

e m a = diag([/,[/-V,rsinl9) . (2.5) 

The vector potential is taken to have nonvanishing components 

A t = ®, = -Hcos6 (2.6) 



with corresponding field strength 



^01 ~ r 2 ' ^23 — r 2 ' ( 2 ' 7 ) 



describing electric charge Q and magnetic charge H. We assume that Q and H are not both zero, and define 

Z 2 = Q 2 + H 2 . (2.8) 

It is straightforward to verify that the ansatz described above provides a solution to the Einstein-Maxwell 
field equations (2.2-3) when the metric function takes the form 

V(r) = l- 2 ~f + ^- \Kr 2 . (2.9) 

One sees from the behavior of the curvature invariants 

R 2 = 16A 2 (2.10a) 

R mn R mn = 4 + A 2 ^j (2.106) 
48 / A/T 7 2 \ 2 

C mnpq C™™ = - (- - j (2.10c) 

that such solutions possess a single physical singularity located at the origin. For large r, the metric is 
asymptotic to (anti-) de Sitter space with cosmological constant A. 

We shall have occasion to deal with cosmological analogues of the Bertotti-Robinson (BR) solution 
to Maxwell-Einstein theory [17,11]. Such a spacetime is locally the direct product of a pair of maximally 



symmetric two-dimensional spacetimes, with signatures rj af3 = diag(— ,+) and r) a ,p, = diag(+,+), taking 
Greek and primed Greek indices for the respective spaces. The field strength is covariantly constant, with 
components 

F al 3 = Ee af} ; F a , p , = Be a , p , . (2.11a, b) 

The cosmological Einstein equations become 

R nu = A i6V ; R n> v > = ^fl^v ( 2 - 12 ) 

with 

A 1 = A- (E 2 + B 2 )- A 2 = A+(E 2 + B 2 ). (2.13) 

The values of A 1 and A 2 uniquely determine the metrics upon the two-spaces. For A 1 positive (negative), 
9p.u describes two-dimensional (anti-) de Sitter space. Meanwhile, for A 2 positive (negative), g^, v , describes 
a two-sphere (hyperboloid). 



3. Cold and lukewarm Reissner-Nordstr0m solutions 

>From the forms of the curvature invariants (2.10a-c), one sees that the only physical curvature singu- 
larity for a metric of RN form is located at the origin; however, there will in general be event horizons at the 
radii for which the metric function V(r) vanishes. In asymptotically flat space (A = 0), for Z 2 < M 2 there 
are two horizons, at radii p± = M ± V M 2 — Z 2 (see e.g. [18]). For nonzero A, the condition V(r) = 0, or 

-i Ar 4 + r 2 - 2Mr + Z 2 = , (3.1) 

is a quartic algebraic equation for r. The standard closed-form expressions for the four roots in terms of 
surds, being rather lengthy and not especially illuminating, are omitted here. As one would expect, if A is 
sufficiently small compared to the local scales M~ 2 (as in many cases of potential interest), the configuration 
of horizons will display the same qualitative behavior as in flat space: for Z 2 less that some critical value 
(Z 2 ) c[itl there will be two horizons at the roots r — p±; these two horizons coalesce when Z 2 = (Z 2 ) clit , 
while for Z 2 > (Z 2 ) crit the double root bifurcates to a conjugate pair of complex roots and one is left with 
a naked singularity. The actual value of (Z 2 ) crit can be determined by solving the cubic equation in Z 2 

M 2 ~Z 2 - i A(27Af 4 - 36M 2 Z 2 + 8Z 4 ) - f A 2 Z 6 = ; (3.2) 

we again omit the standard closed-form solution. Defining a dimensionless parameter A = M 2 A, for small 
|A| one finds 

^ (Z 2 ) ait = 1 + ±A + ±X 2 + |A 3 + G(A 4 ) . (3.3) 
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For Z 2 < (Z 2 ) crit , one can parametrize the charge with the dimensionless quantity A = M 1 (Z 2 ) crit — Z 2 . 
The positions of the two horizons are given for small |A| by 

± P± = (1±A) + i(2±A)(2±2A + A 2 )A 

+ ^ (96 ± 204A + 224A 2 ± 140A 3 + 48A 4 ± 7A 5 ) A 2 + C(A 3 ) . 



For positive cosmological constant, one finds an additional root at a radius b ~ -\Z3A~ 1 much farther 
out than the local scales (again assuming small |A|). As discussed in [13], this root corresponds to an event 
horizon constituting the "outer edge" of the de Sitter universe in the given coordinate system, and can be 
treated on the same footing as the other roots. 

Before examining specific configurations of horizons in more detail, we turn to the issue of temperature 
for such horizons. In general, one can deduce the Hawking temperature associated with a horizon by 
considering the resolution of the coordinate singularity in the Euclidean regime [15]. In the present situation, 
we examine the behavior of the metric (2.4) near a root p of V(r) (either r > p or r < p). The surface 
gravity at the horizon [12] is given by 

K=\\V'{p)\. (3.5) 



When k is nonvanishing, in terms of a new radial coordinate x <~ \J2k 1 |r — p\, the metric close to x = 
looks like 

ds 2 ~ dx 2 + x 2 (indt) 2 + p 2 dn 2 . (3.6) 

The point x = is a perfectly regular point of the metric, if it (i.e., i ■ t) is regarded as an angular variable 
with period 2ir/n. The Hawking temperature for the horizon is given by the inverse of this period [12-15]: 

T-£. (3.7) 

For the RN solutions we consider, this gives 



7 2 

p 2 



(3.8) 



Taking Z 2 = in (3.8) reproduces the result given in [19] for the temperature of an uncharged cosmological 
black hole. For general Z 2 < (Z 2 ) crit and small |A|, (3.4) and (3.8) give 

T A A(14 + 26A + 19A 2 + 5A 3 ) 

T 2nM(l + A) 2 ~ 12ttM(1 + A)3 A + ° {X > ' (3 ' 9) 

for the temperature at the outer radius p + . The leading term here is the temperature of a general RN black 
hole in flat space, as derived in [14]. 



3.1 Cold and ultracold Reissner-Nordstr0m solutions 

It is evident from (3.8) that horizons with vanishing Hawking temperature are located at simultaneous 
roots p of both V and V; that is, at double roots of V. When such a double root exists, the function V(r) 
must take the form 

KddM = (l-^) 2 (l-iA(r 2 + 2pr + 3p 2 )), (3.10) 
with the corresponding critical relationships between mass, charge, horizon radius and cosmological constant: 

M = p(l - |Ap 2 ) (3.11a) 
Z 2 = p 2 (l - Ap 2 ). (3.116) 

Eliminating p from (3.11a, b) leads to the relationship (3.2) between the mass and the critical charge, while 
inverting (3.11a) corresponds to the expansion (3.4) in the case A = 0. 

For any given A < 0, all positive values of p, M and Z 2 are admitted; given the value of any one of 
them, the other two are fixed uniquely by (3.11a, 6). 

For positive A, there is a maximum allowed radius p = p max = A -1 / 2 at which the charge vanishes; the 
resulting metric, known as the Nariai metric [20], is characterized by 

M = \p; Z 2 = 0; A = p~ 2 (3.12) 

and 

^NaHaiM =-^(l-^) 2 (l + ^) ■ (3-13) 

For < p < p m ax = A -1 / 2 , there is an extra positive root b to V(r), given by 



b = V3A- 1 - 2p 2 - p; (3.14) 

note that for the range < p 2 < ^A _1 , the extra horizon at b is outside the cold horizon at p, while for 
|A _1 < p 2 < A -1 it is inside. Inverting (3.14), one can completely describe the solution in terms of p and b: 

M= P( b + P) 2 ■ Z 2 bp 2 (b + 2p) 3 

& 2 + 2p& + 3p 2 ' b 2 + 2pb + 3p 2 ' b 2 + 2pb + 3p 2 ' [ ' 

The metric function (3.10) reads 
and the temperature at b is 



T = b 
b 2ir(b 2 + 2pb + 3p 2 ) 
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As mentioned earlier in this section, for small cosmological constant (A <C p~ 2 , or b ^> p), it is most natural 
to interpret the faraway horizon at b as the outer edge of the de Sitter universe [13]. Formally taking p to 
zero in (3.15-17), the black hole disappears and one reproduces the result 

T dS = ±J± (3.18) 

for the background of thermal radiation in a pure dc Sitter cosmology [13]. 

A very special configuration is obtained when b and p coincide, leading to a triple root of V(r). The result 
is an "ultracold" horizon at radius p with zero Hawking temperature, whose local structure is qualitatively 
different from that encountered for the black holes discussed so far (see (3.22) below). The mass, charge and 
cosmological constant are related according to 

M=|p; Z 2 = \p 2 - K=\p-\ (3.19) 

and the metric function reads 

Uaco, d «=-^(l-9 3 (l+^). (3-20) 

This configuration simultaneously maximizes the values of M and Z 2 for any given positive value of A. 

For a generic zero-temperature black hole (for and A), the local structure of the metric at the horizon 
is no longer described by (3.6), but by a cosmological Bertotti- Robinson (BR) metric as discussed in section 
2 with 

A 1 = 2A-4 r ; A 2 = -^. (3.21a, b) 

p 2 p 2 

For A = 0, one recovers the standard BR metric for the throat of a flat-space extreme RN black hole (see 
e.g. [18]). Depending upon A and p, the spactime factor can be either two-dimensional de Sitter or anti-de 
Sitter space; the spacelike factor is clearly always a two-sphere of radius p 

At the intermediate point for which A 1 in (3.21a) vanishes, one is dealing with the ultracold solution. 
The throat in this case provides a sort of formal interpolation between the cosmological BR spaces with de 
Sitter and anti-de Sitter spacetime components. The local structure at the throat is no longer approximated 
by a BR metric, but rather by a metric of the form 

ds 2 ~ dy 2 - 4(p/y) e dt 2 + p 2 dtf , (3.22) 

appropriate for large y, where y <~ p 3 / 2 |r — p\~ x l 2 ■ 

3.2 Lukewarm Reissner-Nordstr0m solutions in de Sitter space 

Given that de Sitter space is awash with an isotropic background of thermal radiation [13], it seems 
rather natural that a black hole in a de Sitter background would be most comfortable in a final configuration 
for which its (outer) horizon is at the same temperature as the surrounding bath. It was noted in [13] 
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(see equation (5.3) there) that such a configuration would avoid unpleasant branch cuts between coordinate 
patches in the formulation of thermodynamics in black hole-de Sitter spaces. (However, no examples were 
available in [13], since charged holes were not considered there.) 

In this subsection, we find the "lukewarm" RN solutions which realize this state of affairs, that is, 
describing an outer black hole horizon at radius a and a de Sitter edge at radius b, with the same Hawking 
temperature at a and b. In terms of the metric function V(r), the algebraic problem is 

V(a) = V(6)=0; V'(a) = ±V'(b) , (3.23a, b) 

where the minus sign is appropriate, since there should be no roots of V between a and b. These conditions 
fix V(r) to take the form 

(a + b) ab s 



*W arm (r) = (l - (l - *) (l + ' 



ab \ r 2 



(3.24) 



(a + b)r ) (a + b) 2 ' 
from which one reads off the mass, charge and cosmological constant: 

M = ; Z 2 = ; A = —1— . (3.25) 

(a + b) (a + b) 2 (a + b) 2 y ' 

Remarkably, the charge and mass have the same simple relationship Z 2 = M 2 as for extreme RN black holes 

in flat space. The mass M has a "reduced mass" form in terms of the two radii a and b. The temperature 

at a and b is 

' A 

27r(a + 6) 2 

The black hole possesses an inner horizon at 



T a = T b = ■ (3.26) 



p_ = \ Va 2 + 6ab + b 2 - \(a + b). (3.27) 

These expressions reduce to the proper results for empty de Sitter space (taking a — > 0) and for an extreme 
RN hole in asymptotically flat space (taking b — ► oo). When a and b coincide, one obtains one of the cold 
holes discussed in the previous subsection, having M — |a, Z 2 = \a 2 , A = fa~ 2 and an extra horizon at 
P- = {y/2-\)a. 

Expressed in terms of the mass and cosmological constant, the inner and outer horizons for the black 
hole are at 

p± = 2M ~ M + M 2 v/a73 + 0(A) , (3.28) 

1 + y 1 =p 4M^/A/3 

where of course p + is identified with a. The de Sitter coordinate edge is at 

b = \\[\ (l + \il^M7Wl) , (3-29) 

y± (i-4MVa73). (3.30) 



and the temperature (3.26) reads 



T P+ ~ Tb ~ 27T 
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4. Supersymmetric Reissner-Nordstr0m solutions 



We now turn to a classification of the supersymmetric RN solutions. As mentioned in the introduction, 
it is appropriate to address this issue within the context of N = 2 gauged supergravity [16]. This theory 
describes a graviton, a brace of real gravitini which we assemble into a single complex gravitino field ip m = 
ipm+iipmi an d a Maxwell vector field A m minimally coupled to the gravitini with strength g. The Lagrangian 
is given by 

e-'L = -\R + \i> m l mnp V n ^ v + \F mn F mn + § (F + P) mn %l [m l pq l n] % 

Supersymmetry fixes the cosmological constant to be A = — 3g 2 . The Lorentz- and gauge-covariant derivative 
T> m acting on spinorial objects is defined by 

T> m = V m - igA m . (4.2) 

in terms of the Lorentz-covariant derivative V m — d m + jUJ m ab j a b- The supercovariant field strength is 

F mn = F mn - Im (i> m il> n ) . (4.3) 

The theory is given in a first-order formalism for the gravity sector, so that the curvature scalar R appearing 
in (4.1) is a function of both e m a and u m ab . The spin connection is fixed by its own algebraic equation of 
motion following from (4.1); one finds 

^mab — ^mab ^mba ^abm (^-^O 

where 

n mn a = d [m e n] a - |Re • (4.5) 

The action corresponding to (4.1) is invariant under the N = 2 supersymmetry transformation 

Se m a = Re (e 7 ^ m ) (4.6a) 
H m = V m e (4.66) 
SA m = Im (eip m ) , (4.6c) 

where e is an infinitesimal Dirac spinor, and the supercovariant derivative is given by 

V m = V m + \g lm + \F ahl ah lm . (4.7) 

For an ansatz in which the gravitini vanish in the background, the field equations following from (4.1) 
coincide with the Einstein-Maxwell equations (2.2-3) with cosmological constant A = — 3g 2 . Therefore, the 



cosmological RN solutions discussed in section 2 (for negative A) provide background solutions to gauged 
iV = 2 supergravity. A new feature arises when the RN solutions are considered in this larger context: for 
a globally consistent interacting theory the magnetic charge H is subject to a Dirac quantization condition, 
because of the minimal coupling between the gravitini and the vector potential. With our normalizations, 
this condition states that the quantity 

n = 2gH (4.8) 

is required to be an integer. 

The supersymmetry admitted by a Reissner-Nordstr0m solution to gauged N — 2 supergravity is char- 
acterized by the space of solutions to the Killing spinor equation 

V m e = , (4.9) 

where the supercovariant derivative is evaluated in the given background. For the solution at hand, the 
components of the supercovariant derivative read, recalling that Z 2 = Q 2 + H 2 , 
~ 1 /M Z 2 \ O 

Vt = d t + — \ — - -j. + g 2 r 2 j 7ol + \gU lo - ig^f + ft/f 7o (4.10a) 

V r - d r + \gU- x lY + \U- X f 7l (4.106) 

V e = d e - \U ll2 + \gr l2 + \rf l2 (4.10c) 

= dfi — iZ7sin^7 13 — i cos^7 23 + \gr sin#7 3 + igH cos9 + |r sm6p7 3 (4.10rf) 



where 



F abl ab = 1(Q^+H^). (4.11) 



The basic integrability condition for (4.9) reads 

Cl mn e = 0, (4.12) 



where the set of operators f2 mn are defined by 

^mn — [ > ] 



(4.13) 



= jC mn ab lab + | 7 ab 7[n(V m] F ab ) + |.9F ab (37 ab 7 m „+7„ m7 ab ). 
One finds that each Sl mn factorizes into the product TO „ = X mn Q, where 

9 ee U + g ni + | - r ^ J ( J7o Q - h^H) (4.14) 

and the X mn are in general nonsingular, so than the set of conditions (4.12) is satisfied if and only if e is a 
zero mode of itself. The condition for the integrability condition (4.12) to admit a solution is, therefore, 
that the parameters g, M, Q and H are chosen so that det0 vanishes identically as a function of r. A 
straightforward calculation gives 



dete = 



\-2gE- 



(M 2 - 2gHMr) 
Z 2 



1 + 2gH 



(M 2 + 2gHMr) 

Y 2 



(4.15) 
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H 


= o, 


Q 2 


= M 2 


9 


= o, 


z 2 


= M 2 


M 


= o, 


H 


25 



which vanishes in three cases: 

(4.16a) 
(4.166) 
(4.16c) 

We note the happy circumstance that all three cases are in satisfaction of the Dirac quantization condition 
(4.8). For nonzero g, case (4.16c) in fact corresponds to the lowest nonzero value of \H\ consistent with this 
condition. 

For the two cases (4.16a, c) with nonzero g, the metric function V(r) = U (r) 2 is always a strictly positive 
function of r (see (4.17) and (4.29) below). Thus the singularity at the origin is not clothed by a horizon 
in these cases, in flagrant violation of Penrose's principle of cosmic censorship [21]. We shall return to this 
issue in the discussion section; for now, we forge ahead with the analysis of supersymmetry. 

It is important to note that solving the (first) integrability condition (4.12) does not in itself guarantee 
the existence of a solution to the original Killing spinor equation (4.9); one must either consider a sufficient 
set of higher integrability conditions [22] or return to the original first-order equation. We follow the latter 
course: in the following three subsections we return to the Killing spinor equation, finding the general solution 
to (4.9) for each set of parameters (cases (4.16a-c)) for which the integrability condition (4.12) admits a 
solution. 

4.1 Electric AdS extreme Reissner-Nordstr0m solutions 

For H = and Q 2 — M 2 (case (4.16a)), the metric function is 



U(r) = y(l-y) + 9 2r2 ■ ( 4 - 17 ) 

Taking Q = M (the case Q — — M is related by a field redefinition), we find that 9 is proportional to an 
r-dependent projection operator II, 

n = ^0 = 1 + ^(^-^(1-^)}, (4.18) 

so the integrability condition (4.12) becomes 

He = 0. (4.19) 

Returning to the first-order equation (4.9), we note that with a little algebra, the action of the supercovariant 
derivative upon e can be written 

%e=(d t -ig)e (4.20a) 
/ M g(r-2M) \ 

^-{ d ^2H^) + lk^ 1 T (4 - 205) 

Vee - (do - ! 7 oi2> (4.20c) 

V^e = (90 - \ cos6>7 23 + \ sin6>7 013 )e , (4.20d) 
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assuming that e satisfies the necessary condition (4.19). 

Since V r and II both commute with V t , Vg and V^, one can address the temporal and angular equations 
(4.20a, c, d) of the Killing spinor equation independently of the radial equations (4.19) and (4.206). One finds 
that 

e{t,r,6,4>) = exp(!gt)exp(!7 012 6»)exp(i7 2 3(/>)e(r) 

(4.21) 

= cxp (cos \ + »7 i2 sin ( cos \§ + 723 sm 2^) e ( r ) 
where the problem has been reduced to finding the spinors e(r) satisfying (4.206) as well as the projection 
condition (4.19). The solution to this type of problem is provided in the appendix; in the present situation, 
we find 

e(r) = {y/U{r)+gr + z 7o y/U(r)-gr) P(- 7l ) e {) , (4.22) 

completing the description of the general solution to the Killing spinor equation (4.9) in case (4.16a). Note 
that because of the projection P{— 7l ), the solution space is reduced from four to two (complex) dimensions. 

In the pure AdS background, the algebra of supercharges is given by the full N = 2 AdS algebra 
OSp(2|4,P), with bosonic component SO(2) x Sp(4,i?) ^ U(l) x SO(3,2), where U(l) corresponds to the 
Maxwell gauge invariance and SO(3, 2) is the anti-de Sitter isometry algebra. Introducing the supersymmetric 
RN solution described here breaks the supersymmetry algebra to SU(2|1), whose bosonic component is 
SU(2) x U(l), corresponding to independent spatial rotations and time translations. Note that the algebra 
U(l) of time translations is compact; this is because AdS is the universal cover of a base space identified 
under the transformation t — > t + 2tt / ' g [23]. The Killing spinor (4.21) is antiperiodic under this shift (just 
as e — > — e under <j> — > <fi + 2n). 

4.2 Flat-space extreme Reissner-Nordstr0m solutions 

For the case (4.166) with vanishing gauge coupling g, we are dealing with the ungauged N — 2 theory 
in flat space. The supersymmetry in this case has already been noted in the literature [2,3]. We include a 
brief discussion here, with an explicit construction of the Killing spinors, in the interest of completeness and 
ease of comparison with the other cases. 

For .g = and Z 2 = M 2 , we introduce the parametrization 

Q = Mcosa, H = Msina. (4.23) 
In this case the metric function takes the simple form 

M 

U(r) = 1 . (4.24) 

r 

We first note that for the purely electric hole (a = 0), one can simply take the results of the previous 
subsection, formally setting the gauge coupling g to zero. One finds that the general Killing spinor is 

e(r,M;0) = VW) cxp {\l 12 0) exp (i 723 ^) P(z 7o ) e , (4.25) 
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where for convenience we have redefined the constant spinor e with respect to the one appearing in (4.22). 
We have also noted that the generator ^j 012 of 6 rotations in (4.21) can be replaced by the "intuitive" 
generator |7 12 , because of the presence of the projector P(if ). The analogous replacement for g ^ would 
lead to a rather complicated r-dependent generator, as a result of the more complicated form of the projector 
II given in (4.18). 

The simplest way to exhibit the Killing spinors for nonzero values of a is by applying a duality trans- 
formation to the result (4.25). One easily verifies that, for g = 0, the supercovariant derivative for general a 
is given by 

V m (a) = cxp (-±7 5 «) V ro (0) exp (+±75") • ( 4 -26) 

With this observation it is rather simple to construct the Killing spinors for V m (a) from those of V m (0). 
One finds 



e(r,9,<P;a) = y/U[r) cxp (§7 12 0) cxp (±723^) P « e o . ( 4 - 27 ) 
where P a is a projection operator commuting with the angular factors, defined by 

P a = exp (-\l b a) P(i%) exp(+±7 5 a) 

(4-28) 

= 5 (1 + i7 (cosa + 7 5 sin a)) . 
This provides an explicit construction of the Killing spinors for a general (flat-space) extreme RN black hole. 

4.3 Exotic AdS solutions ("cosmic monopoles") 

We now consider the case (4.16c), with vanishing mass parameter (M = 0) and magnetic charge H = 
l/(2g); the other sign for H can be obtained by a field redefinition. The metric function becomes 




2gr J r 2 



U(r) = \l{gr+—) (4.29) 



where the electric charge Q is arbitrary. This case clearly has no flat-space limit, since H and U (r) blow up 
as g is taken to zero. One might call such a solution a "cosmic monopole" (or cosmic dyon, for nonzero Q), 
since the characteristic scales for size and magnetic charge are given by the overall AdS cosmological distance 
scale (~ 1/5). It is evidently inappropriate to study such solutions as local, perturbative phenomena, that 
is, on scales small compared to 1/g. In contrast, for the RN solution of subsection 4.1, the local scales are 
fixed by a parameter M independent of, and conceivably much smaller than, the global scale 1 j g (which can 
formally be taken to infinity, as in subsection 4.2). 

Considering the Killing spinor integrability condition (4.12), we find that in this case the matrix O of 
(4.14) is not itself proportional to a projection operator, but turns out to be twice as potent. Consider the 
identities 



1 

2 

1 

7i 



AUgr 



u + 9nx - \ (n <2 - ^*7i23 
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6 = P(z 723 ) (4.30a) 

e = n, (4.306) 



where the notation -P(z7 23 ) is defined in (A. 9), and 

is a second projection operator commuting with P{i"f 2 3)- ^ ^ s cl ear from (4.30a, b) that the integrability 
condition 6e = implies the pair of independent conditions 

P(n 23 )e = 0; He = 0. (4.32a, 6) 

In fact, Oe = is completely equivalent to (4.32a, 6), since itself is a linear combination of these two 
projectors: 

= 2C/n-i- 7l p(n 23 ). (4.33) 

The action of V m upon e simplifies to a remarkable degree modulo the two conditions (4.32a, b), yielding 

V t e = d t e (4.34a) 

V r e = ^-l-l 7l ) c (4.346) 

Vge = d e (4.34c) 

%t = 6y . (4.34d) 

The Killing spinors are therefore functions of r alone. Noting that the independent condition (4.32a) can be 
solved trivially, the appendix provides the solution to the constrained radial differential equation; one finds 

e(r) - (y/U(r)+gr+l/(2gr) - i lo y/U(r) - gr - l/(2gr) ) P(- 7 i)^H7 23 ) ■ (4-35) 

The arbitrary constant spinor e is now subjected to a double projection, reducing the original four com- 
ponents to one. The lack of angular dependence for e can be understood in terms of group theory, since a 
one-dimensional representation of the spin group SU(2) must of necessity transform as a singlet (i.e., not 
transform at all) under rotations. 

The purely magnetic case (Q = 0) is in some formal respects analogous to the flat-space extreme RN 
solution examined in the preceding subsection. The metric function is a rational function, 

U(r) = gr+^-, (4.36) 
2gr 



and the Killing spinor (4.35) again reduces to a simple product of \JU{r) with a constant spinor: 



e(r) = V2U{r)P(- 7l )P(-n 2:i )e . (4.37) 



It is curious to note that in this case U(r) and e(r) are invariant under the spatial inversion 

1 



2g 2 r ' 

However, the full metric is not invariant; the spatial component suffers a conformal rescaling. 
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(4.38) 



5. Discussion 



Within the class of electrically and magnetically charged Reissner-Nordstr0m solutions of Einstein- 
Maxwell theory with a cosmological constant A, we have classified the "cold" black holes with vanishing 
Hawking temperature (for general A), the "lukewarm" black holes at the same temperature as the thermal 
background (for A > 0), and the supersymmetric holes (for A < 0). 

In de Sitter space, the lukewarm black holes provide natural candidates for equilibrium configurations 
analogous to the extreme RN black holes in flat space. Of course, our thermodynamic reasoning in this 
matter is rather heuristic, and is no substitute for a detailed dynamical analysis. It may be relevant that the 
lukewarm configurations are precisely those which satisfy natural analyticity requirements for the consistent 
global formulation of finite temperature field theory in black hole-de Sitter spaces [13]. 

There is no intrinsic background temperature in anti-de Sitter space, hence no concept of "lukewarmth." 
From experience with background solutions for supcrgravity theories (see e.g. [4-6]), one is led to expect 
the natural stable ground states to be provided by the supersymmetric solutions. It is interesting to note 
that the supersymmetric analogues of the flat-space extreme RN solutions exactly preserve the relationship 
M 2 = Z 2 , as do the lukewarm black holes. Thus, the same simple condition could in principle characterize 
the stable vacua of Reissner-Nordstr0m type, for any value of the cosmological constant. 

A significant aspect of the supersymmetric RN solutions in AdS is the presence of naked singularities, 
violating Penrose's principle of cosmic censorship [21]. The naked singularity for overextremc (Z 2 > M 2 ) 
RN solutions appears to be unstable in flat space, shedding charge until the extreme case is reached and a 
horizon appears [24]. It would be interesting to see an analogous dynamical study in AdS. We remark that 
if the hole continues to shed charge until a horizon is formed, the result will be a cold black hole (with Z 2 
slightly less than M 2 for small |A|; see equation (3.3)). On the other hand, if the process terminates when the 
supersymmetric configuration is reached, one must ensure that the background makes sense physically; in 
particular, the Cauchy problem must remain well-defined. One might hope that sufficiently careful attention 
to boundary conditions at the singularity could resolve this issue. This would be somewhat reminiscent of 
the need to impose rather delicate boundary conditions at spatial infinity, in order to have a well-defined 
Cauchy problem in anti-de Sitter space itself [23,5,25,26]. 

To directly address the stability of the supersymmetric solutions discussed herein, one could attempt 
to modify existing stability proofs for black holes [27], for supergravity theories [4-7] and for anti-de Sitter 
backgrounds [5-7,28] to treat the present case. Again, the most critical issue involves the proper boundary 
conditions at the singularity. For the cosmic monopoles of subsection 4.3, we note that the Dirac quantization 
condition (4.8) guarantees that among the configurations with minimal magnetic charge H = l/(2g), at least 
one will be stable for purely topological reasons (similarly for H = —l/(2g)). 

In closing, we mention a few possible directions for extending this work. It would be interesting to see a 
detailed formulation of thermodynamics in the lukewarm black hole-de Sitter cosmologies; this also provides 
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a new laboratory for studying subtleties in the description of scattering processes involving black holes 
[29]. One wonders whether considering charged configurations might affect the early history of inflationary 
scenarios with de Sitter phases (see e.g. [30] for a review) or the perdurance properties of de Sitter space 
[31] . Cosmological analogues could be considered for black-hole solutions in field theories incorporating scalar 
fields (see e.g. [32]). Finally, it is perhaps not inconceivable that aspects of Reissner-Nordstr0m solutions 
discussed here might somehow be reflected in the structure of certain conformal field theories (see e.g. [33]) 
which admit an interpretation in terms of charged black holes. 



Appendix. Solution to a certain spinorial differential equation 

In addressing the Killing spinor equation for the backgrounds studied in subsections 4.1 and 4.3, we 
encounter a certain type of radial differential equation for a spinor e(r) subject to an r-dependent projection 
constraint. In this appendix we present the solution to such problems in a somewhat generalized context. 

Suppose that T 1 and T 2 are constant operators satisfying 

(r0 2 = (r 2 ) 2 = i, iy^-ry^, (A.i) 

and that x(r) and y(r) are functions with x 2 + y 2 = 1; we assume that y ^ 0. The operator 

n(r) = ±{l + x(r)T 1+ y(r)T 2 ) (A.2) 
is then a projection operator for any r. We consider the differential equation 

V '(r) = (o(r) + 6(r)r x + c(r)r 2 )rj(r) (A.3) 

subject to the constraint 

Ilr? = 0. (A.4) 

Since we assume y ^ 0, (A.4) can be used to absorb the T 2 r] term on the right-hand side of (A.3) into the 
other two terms. Therefore, without loss of generality we take c(r) = 0. 
The condition for integrability of this system reads 

x' + 2by 2 = . (A.5) 

When this condition is satisfied (as one verifies in the cases of interest), the general solution, given in terms 
of an arbitrary constant spinor rj , reads 



V (r) = ( U (r)+«(r)r 2 )P(-r i )r ?0 
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(A.6) 



where 



1 + x II — x 

expw v = —* expw (A. 7) 



y 

and the function w(r) is simply the antiderivative of a(r): 

w(r) = J a(r')dr' . (A.8) 

The arbitrary additive constant for w corresponds to an overall scaling for 77. 
We have introduced the notation 

p(r) = |(i + r), (A.9) 

defined for any operator T with T 2 = 1, to denote the projection operator onto the +1 cigcnspacc of T. 
Clearly, only the projection P(— r i )77 of the arbitrary spinor rj actually contributes to the solution. 
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